A graph is said to be a König graph if the size of its maximum matching is equal to the size of its minimum vertex cover. The König Edge Deletion problem asks if in a given graph there exists a set of at most k edges whose deletion results in a König graph. While the vertex version of the problem (König vertex deletion) has been shown to be fixed-parameter tractable more than a decade ago, the fixed-parameter-tractability of the König Edge Deletion problem has been open since then, and has been conjectured to be W[1]-hard in several papers. In this paper, we settle the conjecture by proving it W[1]-hard. We prove that a variant of this problem, where we are given a graph G and a maximum matching M and we want a k-sized König edge deletion set that is disjoint from M, is fixed-parameter-tractable. arXiv:1811.04560v1 [cs.DS] 12 Nov 2018 1. The values assigned by the solution are in {0, 1 2 , 1}. Let the set of vertices that get values 0, 1 2 , 1 be S 0 , S 1 2 and S 1 respectively. 2. The cardinality of S 1 2
Introduction
A vertex cover in a graph is a subset of vertices such that it has at least one end point of every edge. A graph is König-Egervary (König in short) if its maximum matching size is equal to its minimum vertex cover size. The name König comes from König's Theorem which states that the size of the minimum vertex cover is equal to the size of the maximum matching in bipartite graphs. It follows from König's Theorem that bipartite graphs are König, but it is known that the converse is not true.
König graphs, that form a super-class of bipartite graphs, have been well studied from structural and algorithmic perspectives [6, 25] . Given a graph, the problem of finding the minimum number of vertices or edges to be deleted so that the resulting graph satisfies a property, belongs to the class of vertex or edge deletion problems respectively. The vertex version of these problems include vertex cover (where the resulting graph is an edgeless graph), feedback vertex set (where the resulting graph is a forest) and odd cycle transversal (where the resulting graph is bipartite). These problems are NP-Complete by a celebrated result of Lewis and Yannanakis when the resulting graph class is a hereditary graph class (that is, it is closed under induced subgraphs) [15] . The parameterized complexity of these deletion problems have also been studied [3, 16] .
Another natural version of these problems is to find a maximum induced subgraph satisfying the property. There is a dichotomy theorem known in parameterized complexity for this version when the property is a hereditary property [11] . The problem has also been studied in the related notion of kernelization [13] .
The class of König graphs, however, does not form a hereditary class and so the above results do not apply to it. Approximation and fixed-parameter algorithms for deletion to or maximum induced König graph were studied in [19, 20] . It was shown that it is fixed-parameter tractable (FPT) to determine whether a given graph has at most k vertices whose deletion results in a König graph. The running time of the algorithm was later improved [17] .
The problem of finding a set of k vertices that induce a subgraph that is König has been proven to be W[1]-hard while the related problem of finding a set of k edges that induce a König subgraph has been shown to be fixed-parameter-tractable. See [8] for a recent result improving the FPT algorithm and the approximation ratio for the edge version, along with results on some 'above-guarantee' version of the problem.
The parameterized complexity of the problem of deleting k edges to obtain a König graph has been open for 11 years [4] and is conjectured to be W[1]-hard [19, 20] . In this paper, we prove the conjecture positively, showing that k-edge deletion to König graph is indeed W[1]-hard. We also show that a variant of the problem is fixed-parameter-tractable.
Preliminaries
Given a graph G, by V(G), we denote the set of vertices of G, and by E(G) we denote the set of edges, where every edge is a subset of V(G) of size 2. A matching is a set of edges that are pairwise disjoint. A vertex v ∈ V(G) is said be an endpoint of an edge e ∈ E(G) if v ∈ e. A vertex v ∈ V(G) is said to be saturated by a matching M if there exists an edge e ∈ M such that v is an endpoint of e, otherwise v is said to be unsaturated by M. A vertex cover of a graph is a set of vertices whose removal from the graph results in an edgeless graph. By µ(G) we denote the size of a maximum matching of the graph and by vc(G) we denote the size of a minimum vertex cover of the graph. Given two subsets of vertices A, B ⊆ V(G), by (A, B), we denote the set of edges that have one endpoint in A and the other in B. Let F ⊆ E(G), by G[F] we denote the graph with vertex set V(G) and edge set F. A set F ⊆ E(G) such that G[E(G) \ F] is König is called a König edge deletion set of G.
The main focus of this paper is the following problem:
König Edge Deletion
Input: An undirected graph G = (V, E) and an integer k Question: Does there exist F ⊆ E such that |F| ≤ k and G[E \ F] is a König graph?
Parameterized Complexity
A parameterized problem Π is a subset of Γ × N where Γ is a finite alphabet. An instance of a parameterized problem is a tuple (x, k), where x is a classical problem instance, and k is called the parameter. A central notion in parameterized complexity is fixed parameter tractability (FPT). A parameterized problem Π is in FPT if there is an algorithm that takes an instance (x, k) and decides if (x, k) ∈ Π in time f(k)|x| O(1) . Here, f is an arbitrary function of k. Such an algorithm is called a Fixed Parameter Tractable algorithm and, in short, an FPT algorithm.
There is an associated hardness theory with the notion of a parameterized reduction and a hierarchy of complexity classes. For two parameterized problems Π 1 and Π 2 , a parameterized reduction from Π 1 to Π 2 is an algorithm that takes an input (x, k) of Π 1 and converts in f(k)|x| O(1) time into an instance (y, k ) of Π 2 such that (x, k) ∈ Π 1 if and only if (y, k ) ∈ Π 2 . Here f is some function of k and k is g(k) for some function g of k.
For our purpose, it suffices to know that the independent set problem, which asks whether a given undirected graph has an independent set of size k, is a canonical complete problem for the class W[1]. Here k is the parameter associated with the problem. See [5] for more details on parameterized complexity.
Vertex Cover Linear Program and the Nemhauser-Trotter Theorem
The vertex cover problem can be expressed as an integer linear program where an optimum solution of the integer linear program would correspond to a minimum vertex cover. The variables of the linear program take values in {0, 1}. However, we can relax this constraint on the variables and allow them to instead take on any real value in the interval [0, 1]. This is called the LP relaxation of the vertex cover problem (also known as the fractional vertex cover problem) [18] . It is defined as follows.
vc f (G) = min{1 y : y u + y v ≥ 1, ∀{u, v} ∈ E(G), y ∈ [0, 1]} While finding the minimum vertex cover problem is NP-hard, finding the optimum solution for the fractional version can be done in polynomial time.
The dual of the vertex cover linear program is also the LP relaxation of the maximum matching problem and is given as follows.
where δ(v) denotes the set of edges incident to a vertex v and for F ⊆ E, x(F) = e∈F x e .
As the vertex cover linear program is a relaxation of a minimization problem, the optimal solution to the vertex cover linear program is always less than or equal to the size of the minimum vertex cover. Similarly, the maximum matching size is always greater than or equal to the size of the fractional maximum matching. Since µ f and vc f are duals of each other, their optimal values are the same. Hence we have the following inequality. For König graphs, since µ(G) = vc(G), the above inequalities collapse into a single value. The fractional versions of these problems have been widely studied [2, 18, 21, 23] . Some useful properties of the fractional vertex cover are given in the following classical theorem.
Theorem 1 (Nemhauser-Trotter Theorem). [21] Given a graph G, there exists a polynomial time algorithm that computes an optimum solution to the LP of Vertex Cover of G such that Lemma 2.2. A graph G = (V, E) is König if and only if for some vertex cover S of G, there exists a matching across (S, V \ S) that saturates S.
We also need the following simple properties of a maximum matching in a König graph.
Observation 2.1. Given a König graph G, a maximum matching M of G and a minimum vertex cover S of G, the following holds:
1. For any edge e ∈ M, |e ∩ S| = 1, that is, for any edge in M, exactly one of its endpoints is in S 2. Let U be the set of unsaturated vertices of M, then S ∩ U = ∅, that is, S does not contain any unsaturated vertices
In passing, we observe the following interesting property of König graphs that we couldn't find in literature. Though we don't use it in the rest of our paper, we feel that this can be of independent interest. Claim 3.1. Let F be a König edge deletion set of G and let S be a minimum vertex cover of G [E \ F], then |S| ≤ n + k.
Proof. Suppose that |S| > n + k, then |V \ S| < n + k < |S|. Hence there can not be a matching across the cut (S, V \ S) in G [E \ F] that saturates S. Hence by Lemma 2.1 G [E \ F] is not König, a contradiction to the definition of F. 2. There exists a minimum vertex cover S of G [E \ F] such that P ⊆ V \ S.
For any minimum vertex cover
Proof. Let S be a minimum vertex cover of G [E \ F], and let c be a vertex in C. Since c is adjacent to every vertex in P and V, it has 2n neighbours in G , and hence has at least 2n − k neighbours in G [E \ F]. Suppose that c is not S, then all its neighbours must be in S. However then |S| ≥ 2n − k > n + k (as k < n/2). By Claim 3.1, this contradicts the fact that F is König edge deletion set. Hence every vertex c ∈ C must be in S.
Let S be a minimum vertex cover of G [E \ F], and suppose there exists a vertex p i ∈ P such that p i is also in S. Since we know that the all vertices of C are in S, the only possible edge that p i might uniquely cover is the edge (v i , p i ). Consider the set S = S \ {p i } ∪ {v i }. Clearly S is also a vertex cover of G [E \ F] of the same cardinality. As we can do this for every p i ∈ P, we have that P ⊆ V \ S proving the claim.
Let S be such a vertex cover that contains no vertex of P. Then all v i such that (v i , p i ) / ∈ F must be in S to cover the edge (v i , p i ). By definition of R F , the number of these vertices is |R F |. Also since C ⊆ S , the size of S must be at least |C| + |R F | = 2k + |R F |.
Let F be a König edge deletion set of G, and let R F be as defined in Claim 3.2, and let S be a minimum vertex cover of G [V \ F]. As |R F | ≥ n − |F| by the definition of R F , and |S| ≤ n + k from Claim 3.1, we have from Claim 3.2, n + k ≥ |S| ≥ 2k + n − |F| and so we have the following corollary. Proof. Let I be the independent set of size k in G.
Construct V 1 = (V \ I) ∪ C and V 2 = P ∪ I and let F = (V 2 , V 2 ). Clearly, V 1 and V 2 partition V. Since I and P are independent, there are no edges in (P, P) and (I, I) and so all edges of (V 2 , V 2 ) are in (P, I). There are exactly k many such edges because every vertex in P is a pendant vertex and |I| = k.
Construct a matching M as follows. Every vertex in V \ I gets paired with its pendant vertex in P. Vertices in the first half of C (that is, c 1 , ..., c k ) gets paired with vertices in I (arbitrarily). Vertices in the second half of C (that is, c k+1 , . . . c 2k ) gets paired with the pendant vertices corresponding to vertices of I (arbitrarily). Because every vertex in C is fully adjacent to vertices in V ∪ P, such a pairing is always possible (see Figure 1 for an illustration). Proof. Let F be the König edge deletion set of size k. Let S be the minimum vertex cover of G [E \ F] given by Claim 3.2 such that C ⊆ S and P ⊆ V \ S . Suppose that there exists an edge e ∈ (S , S ) ∩ F or an edge e ∈ (S , V \ S ) ∩ F then we can add e back into the graph (after deleting from F) and the resulting graph will still remain König by Lemma 2.1. However, this gives us a König edge deletion set of size k − 1 contradicting Corollary 3.1. Hence F ⊆ (V \ S , V \ S ). Moreover, since V \ S is an independent set in G [E \ F], F must delete all edges in V \ S and so F ⊇ (V \ S , V \ S ). Hence we have that F = (V \ S , V \ S ).
Since G [E \ F] is König, by Claim 3.1, |S | ≤ n + k and hence |V \ S | ≥ n + k. All vertices in P are in V \ S , and so that accounts for n vertices. Since C ∩ (V \ S ) = ∅, all the other at least k vertices in V \ S must come from V. Hence, there must be at least k edges in (V \ S , V \ S ) of the form (v i , p i ) and hence the k edges in F are of the form (v i , p i ). As |F| = k, exactly k vertices from V are in V \ S . If there is an edge between two vertices in ((V \ S ) \ P), then that edge must be in F making |F| > k, a contradiction. Hence the k vertices in ((V \ S ) \ P) form a k-sized independent set and since they are from V, they also form a k-sized independent set in G.
The Claims 3.3 and 3.4 complete the proof of Theorem 2. Note that G has a perfect matching (as shown in Figure 1 ). We have the following corollary:
Theorem 3. König Edge Deletion is W[1]-hard even when the input graph has a perfect matching. 
König Edge Deletion disjoint from Matching
As the goal of the König edge deletion problem is to delete edges to make the vertex cover size equal to the maximum matching, a natural question is whether the minimum König edge deletion set should be allowed to delete edges of a maximum matching. This is a strong restriction since there are some graphs in which the minimum König edge deletion set must pick some edges from a maximum matching of the graph. See Figure 2 for an example of a graph where the minimum König deletion set does include an edge from a maximum matching. In the figure, the matching shown is the only maximum matching of the graph and the König edge deletion set shown is the only minimum König edge deletion set of the graph and it intersects the matching.
This motivates the following problem. We show that this variant of the problem remains NP-hard, but fixed-parameter tractable when parameterized by the solution size. Therefore, it seems that the W-hardness of König edge deletion problem lies in the cases where we might want to delete edges that reduce the size of the maximum matching.
To prove our results, we show that the problem is equivalent (in a parameter preserving sense) to the following problem known as Almost-2-SAT.
Almost-2-SAT Input: A 2-CNF-SAT formula F and an integer k Question: Does there exist at most k clauses of F whose deletion results in a satisfiable formula?
The Almost-2-SAT problem was studied previously [9] where the authors proved that it is NP-hard. It was later shown to be fixed-parameter-tractable with a O * (15 k ) algorithm [24] 1 . The current best algorithm runs in O * (2.31 k ) time [17] . Proof. We will reduce from Almost-2-SAT. We are given an Almost-2-SAT instance (V, C, k) where V is the set of variables and C is the set of clauses. First we will preprocess the instance to remove any singleton clauses. We add two new variables f and x. We add k + 1 copies of the clauses (¬f ∨ x) and (¬f ∨ ¬x). The only way to satisfy these clauses is to set f to 0. For every clause c i ∈ C consisting of a single literal l. We will replace it with the clause (l ∨ f). Since f is forced to be false, this forces the algorithm to either set l to true or to delete the clause.
NP-hardness
After the above preprocessing (which can be done in polynomial time), we know that all clauses have size exactly 2. We will construct a graph G as follows:
For every literal a in V, add a vertex labelled v a . For every clause (a ∨ b) ∈ C, where a, b are literals, add an edge between vertices v a and v b . Additionally, for every variable a, add an edge between v a and v ¬a . This ends the construction of G . Formally, G = (V , E ) is given as follows:
We also need to give a maximum matching M as input. Let M = {(v a , v ¬a ) | a ∈ V}. The size of any matching can not exceed half the number of vertices in the graph. Since there are 2|V| vertices in G and the size of M is |V|, M is a maximum matching.
We input the instance (G , M, k) to the König Edge Deletion disjoint from Matching problem. That is to say, V 1 is the set of vertices that correspond to the literals assigned to True in f and V 2 are the set of vertices that correspond to the literals assigned to False by f. By definition, V 1 and V 2 are partitions of V . Also note that, every edge of M intersects V 1 exactly once. We will prove that V 2 is an independent set in G [E \ F]. Suppose there were an edge (v a , v b ) such that v a , v b ∈ V 2 . Since v a , v b ∈ V 2 , it must be that the literals a and b are assigned to False in f, however then the clause (a ∨ b) is unsatisfied by f and so it must be in D. Then it must be that (v a , v b ) ∈ F. Hence V 2 is an independent set in G [E \ F] which implies that V 1 is a vertex cover of G [E \ F].
Therefore we have a partition of V into V 1 and V 2 such that every edge in M intersects V 1 exactly once and V 1 is a vertex cover. By Lemma 2.2 G [E \ F] is König and F is a König edge deletion set of size at most k. Proof. Since (G , M, k) is a YES instance for König Edge Deletion disjoint from Matching, there must be a set F ⊆ E such that |F| ≤ k and F ∩ M = ∅ such that G [E \ F] is König. corresponding to edges of M. The same argument can be used for clauses of the form ¬v. Hence we will assume that D contains only clauses of the form (u ∨ v) where (u, v) ∈ E \ M.
For every deleted clause of the form (u ∨ v), (u, v) ∈ E \ M, we will remove the edge (u, v) from G. Let the resulting graph be G , we claim that G is a König Graph. To prove this we provide a vertex cover S of G such that every edge in M is covered exactly once, that is, no edge has both endpoints in the vertex cover. The vertex cover is as follows: The SAT instance C \ D is satisfiable, we take a satisfying assignment f : V → {0, 1}. We set the vertex cover S to be the subset of variables that are set to true in f. This is indeed a vertex cover of G since for every edge (u, v) ∈ E \ F, we have added a clause (u ∨ v) that was not deleted by D. Hence, the clause was satisfied by f and one of either u or v was set to true. Therefore, one endpoint of (u, v) would be in S. Moreover, for every edge (u, v) in M, we added a clause (¬u ∨ ¬v) that is not deleted by D, this means both u and v can not be set to true in f and hence both endpoints of (u, v) are not in S. For every edge in M exactly one of its endpoints is in S and hence |M| = |S| and hence G is König. Proof. Let F be such a König edge deletion set. For every edge (u, v) ∈ F, we will delete the clause (u ∨ v) from C to obtain C . We claim that C is satisfiable. The graph G[E \ F] is König and hence it has a vertex cover S such that for every edge in M both endpoints are not in S. We will construct an assignment f as follows: For every vertex in v ∈ G[E \ F] we set f(v) = 1 if v ∈ S and f(v) = 0 otherwise. Since S is a vertex cover, all clauses of the form (u ∨ v) are satisfied as either u or v will be set to true. Since, by Observation 2.1, for every matching edge (u, v) ∈ M there is exactly one endpoint in S, all clauses of the form (¬u ∨ ¬v) will be satisfied as at least one of u or v will be set to false. Moreover, by Observation 2.1, S does not contain any unsaturated vertices, so all clauses of the form ¬v will also be satisfied.
Combining Claims 4.3 and 4.4 and the fixed-parameter tractability of the Almost-2-SAT problem, we have the proof of Theorem 5.
The above reduction also preserves the parameter k and along with Corollary 4.1, we have the following corollary. 
Conclusion
In most cases, edge deletion problems tend to be easier (and admit faster FPT algorithms) than the corresponding vertex versions. For example, covering cycles by deleting minimum number of edges (feedback edge set problem) in undirected graphs is polynomial time solvable, while the related feedback vertex set problem is NP-Complete. Also, covering odd cycles by deleting edges in undirected graphs admits a more efficient FPT algorithm [22] although both the problems are NP-Complete. Covering cycles by minimum number of arcs (feedback arc set) in tournaments has a sub-exponential algorithm [1] while the vertex version of the problem (feedback vertex set) in tournaments is unlikely to admit sub-exponential algorithms under Exponential Time Hypothesis [7, 10, 14] .
Surprisingly we have shown here that that König Edge Deletion problem is W[1]-hard while König vertex deletion problem was known to be FPT. From the variant of the problem that is fixed-parameter-tractable, it appears that the W[1]-hardness of König Edge Deletion lies in the case when edges in the maximum matching of the graph can also be deleted.
For the variant where the edges of a given maximum matching can not be deleted, we have shown it to be equivalent to the the Almost-2-SAT problem by giving a parameter preserving reduction. This puts that variation of the problem, equivalent to other popular parameterized problems including Above Guarantee Vertex Cover, Odd Cycle Traversal and Edge Bipartization [24] and so the results on parameterized complexity (including kernelization), approximation and exact exponential algorithms for these problems [17] carry over for this problem as well.
We conclude with an open problem. A graph is said to be stable if the size of its maximum matching is equal to the size of the maximum fractional matching (i.e. the optimum value of the maximum matching linear program). It is known that finding a minimum number of vertices whose removal results in a stable graph is solvable in polynomial time, but the related edge version is NP-Complete [12] . Is the problem of deleting at most k edges to obtain a stable graph fixed-parameter tractable? Note that the Edge Induced Stable Subgraph problem (in which one needs to find a set of k edges that induces a stable subgraph) is fixed-parameter-tractable as the lower bounds for the size of an edge induced König subgraph [8, 20] also apply to stable graphs, as König graphs are stable.
